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Abstract 

In this work we introduce a new urn model with infinite but countably many colors indexed by 
an appropriate infinite set. We mainly focus on d-dimensional integer lattice and replacement 
matrix associated with bounded increment random walks on it. We prove central and local 
limit theorems for the expected configuration of the urn and show that irrespective of the null 
recurrent or transient behavior of the underlying random walk, the urn models have universal 
scaling and centering giving appropriate normal distribution at the limit. The work also provides 
similar results for urn models corresponding to other infinite lattices. 
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1 Introduction 

Polya urn schemes and its various generalizations with finitely many colors have been widely studied 
in literature HQ[niinaE0imiI2II3ISI3Ell8|, als0 see 02] for an extensive survey of many of 
the known results. The model is described as follows: 

We start with an urn containing finitely many balls of different colors. At any time 
n > 1, a ball is selected uniformly at random from the urn, the color of the selected 
ball is noted, the selected ball is returned to the urn along with a set of balls of various 
colors which may depend on the color of the selected ball. 
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^E-Mail: thackerdebleena@gmail . com 
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The goal is to study the asymptotic properties of the configuration of the urn. Suppose there 
are K > 1 different colors and we denote the configuration of the urn at time n by U n = 
(U n ,i, U n> 2 . ■ ■ , U n> K), where U n j denotes the number of balls of color j, 1 < j < K. The dy- 
namics of the urn model depends on the replacement policy which can be presented by a K x K 

th 

matrix, say R whose entry is the number of balls of color j which are to be added to the 

urn if the selected color is i. In literature R is termed as replacement matrix. The dynamics of the 
model can then be written as 

U n+1 = U n + Ri (1.1) 

where Ri is the i^ row of the replacement matrix R if the (random) color of the ball selected at 
the (n + 1) draw is %. 

A replacement matrix is said to be balanced, if the row sums are constant. In that case the 
asymptotic behavior of the proportion of balls of different colors will be same if we change the 
replacement matrix R by R/s where s is the row sum. Note that the later matrix is a stochastic 
matrix and hence the entries are not necessarily non- negative integers. Since we will be interested 
mostly in the asymptotic behavior of the configuration of a balanced urn model, so without loss 
of any generality, we assume that the replacement matrix R is a stochastic matrix. In that case it 
is also customary to assume that Uq is a probability distribution on the set of colors, which is to 
be interpreted as the probability distribution of the selected color of the first ball drawn from the 
urn. Note in this case the entries of U n indexed by the colors are no longer the number of balls 
of that color, but U n / (n + 1) is the probability mass function associated with the the probability 

th 

distribution of the color of the (re + 1) selected ball. In other words, if Z n is the color of the ball 
selected at the (re + l) th draw then 



I ) l<i<K. (1.2) 

' n + 1 



We can now consider a Markov chain with state space as the set of colors, the transition matrix as 
R and starting distribution as Uq. We call such a chain, a chain associated with the urn model and 
vice-versa. In other words given a balanced urn model we can associate with it a unique Markov 
chain on the set of colors and conversely given a Markov chain on a finite state space there is an 
associated urn model with balls of colors indexed by the state space. 

It is well known [12l [131 El El E] that the asymptotic properties of a balanced urn are often 
related to the qualitative properties of this associated Markov chain on finite state space. For 
example, if the associated finite state Markov chain is irreducible and aperiodic with stationary 
distribution ir then in \12\ [T3] it has been proved that 

> tt a.s. (1-3) 



re + 1 



The reducible case for the finite color urn model has been extensively studied in [51 [8] and 
various different kind of limiting results have been derived based on the properties of the replace- 
ment/stochastic matrix R. 

In this work we introduce a new urn model with countable but infinitely many colors. We will 
show that for such a generalization unlike in the finite color case, the asymptotic behavior of the 
configuration may not always depend only on the qualitative properties of the associated Markov 
chain. 
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1.1 Urn Model with Infinitely Many Colors 

We consider the natural generalization of the urn model to infinitely many colors through the 
associated Markov chain on countably infinite state space. More precisely, let S be a countable and 
possibly infinite set and let R be a stochastic matrix on S. Starting with an initial configuration 
Uq which is a probability distribution on S we consider the urn model with possibly infinitely many 

colors indexed by S. The dynamics of the model remains same as above, that is, at the (n + 1)^ 
trial if we choose a ball of color mgS, then 

U n +i = U n + R u 

where R u is the u th row of the replacement matrix R. Once again U n / (n + 1) is the probability 

th 

mass function associated with the the probability distribution of the color of the (n + 1) selected 
ball, that is, if Z n is the color of the ball selected at the (n + l) th draw then 



u 



< ) '"V UGS. (1.4) 
n + 1 



This basic recursion can be written in the matrix notation as follows 

U n+1 = U n + I n+1 R (1.5) 

where I n = (I n ,v) ve y with I n>u = 1 and J n> „ = if v ^ u where u is the color of the ball chosen at 
(n + l) th trial. 

In this work, we mainly consider the special case of this generalization where the associated 
Markov chain is an i.i.d. bounded increment random walk on 7L d . Although in Section [5] of the paper 
we also consider the case of general random walk on M. d with i.i.d. discrete bounded increments. 
Let {Xi}i>i be a sequence of random (i-dimensional i.i.d. vectors and 7^ B C Z d be the support 
for X\. We assume B is a finite set. Let the law of X\ be given by the mass function 

p{u) :=F(Xi = u), u€ B, 

where we assume < p(u) < 1, u G B and ^2 u& bP( u ) = 1- -^ e * ^ be the transition matrix for 
the random walk S n = Ysk=l ^k, then it is easy to see that 

jp(v-u) if v-u £ B 
R(u,v) = < _ (1.6) 

I otherwise 

for all u,v G Z d . Following few special cases are of particular interest: 

1. In one dimension we consider a trivial walk, namely, "move one step to the right" . Formally, 
in this case d = 1 and B = {1}, the law of X\ is given by P (X\ = 1) = 1. The associated 
Markov chain S n = Sq + n is deterministic and trivially transient. The transition matrix R 
is given by 

, . f 1 if 7 = i + 1 . . 

R(i,j) = { J (1.7) 
I otherwise. 

We call this R the right-shift operator. 
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2. The other special case is the simple symmetric random walk on Z . For this B = {v G 
IMIi = 1} where || • ||i denotes the l\ norm. The law of X\ is given by P {X\ = v) = 
^j, ueB. The matrix R is given by 

„, . I ttj for v — u & B , 
R(u,v) = ! 2d (1.8) 
I otherwise. 

We here note that by the famous result of Polya for d < 2, the simple symmetric random 
walk is null recurrent, while for d > 3, it is transient. 

1.2 Notations 

Following notations and conventions are used in the paper. 

• For two sequences {a n } n >i and {b n } n>1 of positive real numbers such that b n ^ for all 
n > 1, we will write a n ~ b n if lim — — = 1. 

• Vectors are written as row vectors unless otherwise stated. For example, a finite dimensional 
vector x € M. d is written as x = (x^\ x^ 2 \ . . . , x^ d ^ where denotes the i th coordinate. 
To be consistent with this notation matrices are multiplied to the right of the vectors. The 
infinite dimensional vectors are written as y = {yj)j^j where yj is the j th coordinate and J 
is the indexing set. For any vector x, x will denote the transpose of x. 

• By Nd (//, U) we denote the <i-dimensional Gaussian distribution with mean vector \i £ M. d and 
variance-covariance matrix S. The associated Gaussian measure on (R d ,B (R d )) is denoted 
by and by 4>d we denote the corresponding density function. For d = 1, we simply write 
N(fjL, a 2 ) with mean fj, G K and variance a 2 > and associated measure $ and the density by 

• The symbol will stand for weak convergence, — > will denote convergence in distribution, 
while — > will denote convergence in probability. 

• For any two random variables/vectors X and Y, we will write X = Y to denote that X and 
Y have the same law. 

• The symbol d is used both for dimension and distribution, it will be clear from the context 
what it stands for. 



1.3 Outline 

In the following section we state the main results which we prove in Section |4j In Section [3] we 
state and prove two important results which we use in the proofs of the main results. In Section [5] 
we further generalize our results for <i-dimensional random walk in M. d with i.i.d. discrete bounded 
increments, in particular we consider the two dimensional triangular lattice. Finally in Section [6] 
contains a technical result which is required for the proofs in Section [4j 
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2 Main Results 



In this section, we present the main results for this paper. Throughout this paper we assume that 
(Q, J-, P) is a probability space on which all the random processes are defined. 

2.1 Weak Convergence of the Expected Configuration 

In this subsection, we present the main results for the urns in which the colors of the balls are indexed 
Tj d , d > 1. Let (Xi) i>1 be a sequence of i.i.d. random d-dimensional vectors with non-empty finite 
support B C Z rf . Let the law of X\ be given by P (X% = v) = p(v), for v € B, where < p(v) < 1 
and Z v eBP(v) = 1. For X l = (ij 1 ' xf\ . . . , x[ d) ) , let » = (e[x[% E[x[\ . . . , E[x[ d) ]) 

and E = ((o"ij))i<i j<d wnere a ij = -X^l- We assume E to be positive definite. We write 

27 = E? E2 where 27 a is the unique symmetric positive definite matrix known as the positive square 
root of E. Let {S n } n>0 be the random walk with increments {Xj}j>\, that is S n = Y^=i Xj- We 
also assume that the urn model starts with the initial configuration Uq = (Uo,v) v& i, d sucn that 
Uq v = except for finitely many v. 

Theorem 2.1. Consider the urn model associated with the random walk {S n } n >Q. Suppose Uq = 
(Uo tV ) veZd be such that Uq :V = except for finitely many v. Let A n be the probability measure 

■ "1 — cs — cs 

on M corresponding to the probability vector ^q-j- (E[U niV ]) veZd and A n be defined as A n (A) = 
A n (yfiognAE- 1 / 2 + n log n) for A E B (R d ) . Then, as n —> oo, 



An ^ (2.9) 



where ®d (A) = i_ d fe 2 dt for A G B 
(V2tt) a 



Since all vectors are taken to be row vectors, we always multiply the matrices to the right of 
the vectors. 

states that if Z n be the color of the randomly selected ball in the (n + l) th 



Remark 1. Theorem 
draw, then 



2.1 



Z n -ptlogn d , r „s k , oin s 

— >■ iVd(0, 27) as n — >■ 00. (2-10) 



\/fog 



Corollary 2.2. For d = 1, Ze£ Xj = 1, i/iai is the underlying Markov chain moves deterministically 
one step to the right, then as n — )■ 00 

^" l0gn d -,iV(0,l). 



^/logn 

Corollary 2.3. Lei 5 n 6e i/ie simple symmetric random walk on 7L d , d > 1. Then, as n — )■ 00, 

Z " '' 7V d (0,rt rf ), 



\/logn 

where Id is the d x d identity matrix. 
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Remark 2 . We know that the symmetric random walk on Z d is null recurrent for d < 2 and transient 
for d > 3. For both cases, the asymptotic behavior of Z n is similar upto centering and scaling. 



Furthermore, notice from (2.10) that even for the general case, the centering and scaling vary only 
upto multiplicative constants depending only on the law of X\ . 

Remark 3. On 7L the simple symmetric random walk is null recurrent while the right shift walk is 
transient. For both cases, the asymptotic behavior of Z n is similar upto centering and scaling. 

2.2 Weak Convergence of the Random Configuration 

Let Aii be the space of probability measures on W 1 , d > 1 endowed with the topology of weak 
convergence. For uj G f2, let A n (uj) G M\ be the random probability measure corresponding to the 
random probability vector • 

Theorem 2.4. For uj G VL, let A™(u) (A) = A n (uj) (y/EgnAIJ- 1 / 2 + /zlogn). Then, as n —?• oo, 

A%-Z+$ d onM u (2.H) 

where <5> d (A) = — ^— t Je' 1 ^ dt. 

(V2n) A 



Remark 4. From Theorem 2.4 we can conclude that given any subsequence {nk}^ =1 there exists a 
further subsequence {rik J }'jL 1 such that as j — > oo, 



A" fc — > almost surely for all co. 



2.3 Local Limit Theorem Type Results for the Expected Configuration 

The random variable Z n corresponding to the probability vector ^j-j- (E [Un.v]) ve x a dmits local limit 
type results. In this section we present theorems demonstrating this. We will first present the local 
property for d = 1 and then show the same for higher dimensions. 

2.3.1 Local Limit Type Results for One Dimension 

In this subsection, we present the local limit theorems for urns with colors indexed by Z. For j £ N, 
Xj is a lattice random variable. Let P (Xj G a + KL) = 1, where a G M. and h > is the span for 
X r Define C$ :={x:x = - + where /i = E [XJ and a 2 = E [X 2 ] . 

Theorem 2.5. Consider the urn associated with the Markov chain of the random walk {5' n } n >o 
and let Z n be the color of the randomly selected ball at the (n + l) th trial. We further assume that 
P [Xi = 0] > 0. Then, as n -> oo 

^ (2.12) 



sup 



a v^ p / Z rt -/ 1 logn = 
h \ o~ \/log n ' 



Remark 5. The assumption P [X\ = 0] > implies that for each j G N, Xj and IjXj are supported 
on the same set. 



1 — 

where Six) = —^=e^~ 
v ^ 
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Let P [Xi = 0] = and h be the span for Xj. Let P (IjXj E a + /iZ) : 
/i > is the span for IjXj. It is easy to see that h < h. Define Cn '■= {x: x 
^|pZ} where fi = E [X x ] and a 2 = E [X 2 ] . 



1, where a E M and 
-^—a-^^J\og^i+ 

o-Vlog n o- v b 



Theorem 2.6. Consider the urn associated with the Markov chain of the random walk {S n } n >o 



and let Z n be the color of the randomly selected ball at the (n + 1 
h < 2h. Then, as n — > oo 



sup 



(7- 



-v/Iol 



Z n - n log n 
oVlogra 



£naZ. We further assume that 



where (j)(x) 



2tt 



e 2 



In the next theorem we present the local limit theorem when the urn is associated with the simple 
symmetric random walk which is not covered by either Theorem |2.5| or Theorem |2.6| Let {Xj}j>i 
be an i.i.d. sequence of ±1 Bernoulli random variables, such that P [Xi = 1] = P [Xi = —1] = h. 
In this case, the span of X\ is 2. The random variables IjXj is supported on the set {0, 1, —1} 
and the span of IjXj is 1. Therefore, in this Xj and IjXj are supported on different sets. Let 



1 (IjXj E a + Z) = 1. One possible choice of a is 0. We define C$ := {x: x 



/log n 



Z}. 



Theorem 2.7. Consider the urn model associated with the simple symmetric random walk on Z 
and let Z n be the color of the randomly selected ball at the (n + l) th trial. Then, as n — >■ oo 



sup 



ylog raP 



\/Togn 







where (j)(x) 



e 2 



2.3.2 Local Limit Type Results for Higher Dimensions 

Throughout this subsection we assume d > 2. For j E N, Xj is a lattice random vector with C as 
the minimal lattice (see pages 226 - 227 of |3j for a formal definition). We also define I = |det (C)\ 
where det (£) (see the pages 228 - 229 of |3j for more details). Let P (X\ E xq + C) = 1, where 



xo E 



Let us define C n 



(<!) 



{x: x 



E[X[ 1] ],E[X^'}, . ..E[X\ a >] ) and E 



-(2) 



(d). 



Vlog 



-XQ 



U- 1 / 2 - v 7 !^^^- 1 / 2 + -^—CE- 1 / 2 } where 



((^i))l<ij<d with 



v^og 

E[X^X^} 



Theorem 2.8. Consider the urn associated with the Markov chain of the random walk {5' n } n >o 



and let Z n be the color of the randomly selected ball at the (n + 1 
P [Xi = 0] > ; where is the origin in 7L d . Then, as n — >• oo 



th 



trial. We further assume that 



sup 



(d) 



detiE 1 ' 2 ) (Vfog 



n 



Z n - \x log n 



v/Iog 



n 



4>d(x) 



(2.13) 



where 4>d (x) 



(27r) d /- 



XX 

re 2 
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The assumption P [X\ = 0] > can be removed, for at least some cases, though we do not know 
the full generality under which the local limit theorem holds. We consider a special case of interest 
which is not covered by Theorem 2.8, namely the simple symmetric random walk on Z rf . 

Let {Xi}i>i be i.i.d distributed as P [X\ = ±e»] = ^ where a is the d-dimensional row vector 
with 1 at the i th coordinate and elsewhere. Note that in this case, the mean increment vector 
H = and the variance-covariance matrix S = d -1 !^. Also observe that P [X\ = 0] = 0. In the 
next theorem, we present the local limit behavior of the urn associated with the random walk 
S n = X]j=i Xj. For j G N, IjXj is a lattice random vector with minimal lattice as Z d and we may 



choose of xq = 0, that is, 



[IjXj G Z d ) 



1. We define 



{x: x 



Vd <7/d 



Theorem 2.9. Consider the urn model associated with the Markov chain of the simple symmetric 
random walk on Z d and let Z n be the color of the randomly selected ball at the (n + l) th trial. Then, 
as n — y oo 



sup 



yioi^ 



Vd 
vTogn 



— X 



0. 



(2.14) 



re " 2 



where fa (x) = j^y^ . 

Note that here the the minimal lattice is Z d and so its determinant is 1 (see page 228 - 229 of [3]). 



3 Auxiliary Results 

In the following section, we present two important results which we will need to prove Theorems 
and 



2.1 



2.4 



Throughout this section we assume that the initial configuration Uq 



{Uo, v ) v& d is 



such that Uq jV = except for finitely many v. 



Define II n (z) = J[ I 1 + - I for z € C. It is known from Euler product formula for 
3=1 ^ 3 ' 

function which is also known as Gauss's formula (see page 178 of 0) that 

n n (z) 



lim 



n— "too n 



-T(z + 1) = 1 



gamma 



(3.15) 



uniformly on compact subsets ofC\{0,— 1, — 2,...}. 

For A G R d , let e (A) = Y. v eB e {X ' v) p(v) where (u, v) = uv f for u,v G M rf denote the moment 
generating function for X\. It is easy to note that e (A) is an eigenvalue of R corresponding to the 
right eigenvector x (A) = ( e ^ A '^)„ gZ d- Let T n = a (Uj : < j < n). Define 



M n (A) 



U n x (A) 



From (1.5) we get, 
Thus, 



n n (e(A)) 
U n+ ix (A) = U n x (A) + In+iRx (A) 



E 



U n+1 x (A) | T n ] = U n x (A) + e (A) E [l n+1 x (A) | T n ] = (l + gj) U n x (A) 
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Therefore, M n (A) is a non-negative martingale for every A £ R rf and E \M n (A)] = Mq (A). We 
will make use of the martingales M n (A) in the proof of the next theorem in which we present a 
representation of the marginal of Z n in terms of the increments Xi,i G N. 

Theorem 3.1. Let Z n be the color of the randomly selected ball in the (n + l) th draw, then for all 
n > 1 



Z n = Z Q + Y J Ij x r (3-16) 

3=1 

where {Ij}j>i are independent random variables such that Ij ~ Bernoulli (j+ij an d are indepen- 
dent of {Xj}j>i and Zq is a random vector taking values in Z rf according to the probability vector 
Uq and is independent of {Ij}j>i and {Xj}j>\. 

Proof. We have already noted that e (A) denotes the moment generating function for X\. The 
eigenvalues and the corresponding right eigenvectors for R are given by e (A) and a; (A). If Z n 
denotes the color of the randomly selected ball at the (n + l) th trial, then for A G the moment 
generating function of Z n is given by 



n+1 ^-^ 



Ml[M n (A)] 



n n (e(A)) 
n+1 



M (A). 



(3.17) 



We note that 



Mo(A)^n n (e(A)) = M (A) f[ (l - ^ + ^ 



Therefore, from (3.17) it follows that 

where Zo is a random vector taking values in Z rf according to the probability vector Uq and is 
independent of {Ij}j>i and {Xj}j>i- 

□ 



Theorem 3.2. There exists 5 > suc/i i/iai 

sup sup E 

">1 Xe[-S,6] d 



<(A) 



< oo. 



Proof. From (1.5), we obtain 

([/„£ (A)) 2 + 2e (A) f/ n x (A) E \l n+l x (A) 



E 



(u n+lX (X)y 



J n 



J~ fl 



+ e 2 (A)E (I n+1 x(A)) 2 



It is easy to see that 



E 



I n+ ix (A) 



•F n 



U n x(X) andE \(I n+1 x(X)) 2 



n+1 



1 



n + 1 



U n x (2A) . 
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Therefore, we get the recursion 



E 



(u n+1 x(\)y 



1 + 



2e (A) 
n + 1 



E 



(u n x(\)y 



+ 



e 2 (A) 
n + 1 



E [[/„,x (2A)] 



(3.18) 



Dividing both sides of (3.18) by II 2 +1 (A), 



E 



<+i (A) 



1 + 



2e(A) 
n+1 



i + ^V 

1 ^ n+1 J 



■E 



<(A) 



+ 



e 2 (A) E [U n x (2A)] 



(3.19) 



n + 1 n 2 +1 (A) 

M n (2A) being a martingale, we obtain E [U n x (2A)] = II n (e (2A)) Mq (2A). Therefore from 



(3.19), we get 



E 



<(A) 



n« (2e(A))— 2 



Mo (A) + £ 



e 2 (A) 



n n (e(A)) 

We observe that as e (A) > 0, therefore 
Therefore, 



k=l 



n 



I n fc _i(e(2A)) 



>fc 1 + 



m Z \ n 2 (e(A)) 



M (2A). (3.20) 



1+ /' ' < 1 and hence "^mV < L 

1 , «WV - n2( e (A)) - 



E 



M 2 (A)] < Mq (A) + e 2 (A) M (2A) E ^ ^ ^ 

fc=i 



12 (e(A)) 



(3.21) 



Using (3.15), we know that 



and 



n n (e(2A)) 



n 2 (e(A)) 



71 



e(2A) 



r(e(2A) + l) 



77 



2e(A) 



T 2 (e(A) + l)' 



It is easy to note that e (A) > for all A € R rf and e (A) is continuous as a function of A and e (A) > 0. 
So given 7/ > there exists < K\, K2 < 00, such that for all A S [—rj, rj] d , K 1 < e (A) < i^- Since 
the convergence in (3.15) is uniform on compact subsets of [0,oo) , given e > there exists N\ > 
such that for all n > N\ and A G [—77, r/] , 



(1-6) 



r 2 (e(A) + l) ^ 



11 v ! 

1) 2^ fcl+2e(A) 



r (e (2A) + 1) ^ fcl+2e(A)-e(2A) 



< 



A in fc _i (e(2A)) 
~ fc n 2 (e(A)) 



fe>AT- 



< + 



r 2 (e(A) + l) " 1 

r(e(2A) + l) ^ jfel+2eW-e(2A) ' 
k>Ni 



Recall that e (A) = E„ 6 b e <A ' 1,) p(f ). Since | B I < 00, so we can choose a <5o > such that for every 
A € [Sq, 5o] d , 2e (A) — e (2A) > 0. Choose 6 = min{r/, Sq}. Since 2e (A) — e (2A) is continuous as a 
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function of A, there exists a Ao G [— 8, 8] such that min^ ^d 2e (A)— e (2A) = 2e (Ao) — e (2Ao) > 0. 
Therefore 



1 



oo 

<£ 



1 



£l+2e(A)-e(2A) - fcl+2e(Ao)-e(2A ) ' 
fc=l fe=l 



Therefore given e > there exists N2 > such that VA G [—5, 8] . 



oo ^ oo 

£l+2e(A)-e(2A) - X/ £,l+2e(A 
k>N 2 k>N- 2 



)-e(2A ) 



< e. 



r(e(2A)+i) ' e2 (^) ano ^ Mq (2A) being continuous as functions of A are bounded for A G [— 8, 8] d . 



Choose N = max{JVi, A^}. From (3.21 ) we obtain for all n > N 

N 



E 



k=i 



(e(A)) 



(3.22) 



for an appropriate positive constant C\. 

,N 1 n fc _i(e(2A)) 



Ylk=i k n 2 ,(e(A)) an< ^ ^0 (^) being continuous as functions of A, are bounded for A G [— 5, 8] . 



Therefore, from (3.22) we obtain that there exists C > such that for all A G [— 8, 8] and for all 
n > 1 



E 



M n (A) 



< C. 



This proves that 



sup sup E 



<(A) 



< 00. 



□ 



Remark 6. From Theorem 3.2 we can conclude that there exists a random variable M (A) such that 
asn->oo 



M n (A) — > M (A) 



almost surely P and in Li{ 



4 Proofs of the Main Results 



In this section we provide the proofs of the main results. Some of the notations used here have 
been defined in the previous section. 
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4.1 Proofs for the Expected Configuration 

This subsection contains the proofs for Theorems |2.1| 



Proof of Theorem 2.1 Firstly we note by Theorem 3.1 without loss of generality, we may assume 
that the process starts with a single ball of color indexed by 0, in other words Zq = in (3.16), 
then 

n 



Y^j=i IjXj — /ulogn = Y^j=i jf 1 ~ A*logn — > 7/U where 7 is the Euler's 



Var 



It is easy to see that E 
constant. 

Case I: d = 1. Let 

jj^z ~ o- 2 logn. Since \B\ < 00, given e > 0, we have jr YTj=i E I j X j 1 {l J x 3 >es n } 
00. Therefore, by the Lindeberg Feller Central Limit theorem, we get as n — > 00 



J2j=i IjXj ■ It is easy to note that = Y^=i J^T^ [-^1] 

-> as n 



aVlog n 

This completes the proof for d = 1. 

Case II: d > 2. Let I7 n = [ cr fc,«( n )]rf X d denote the variance-covariance matrix for X)j=i IjXj 
then by calculations similar to that in one-dimension it is easy to see that for all k, I £ {1,2, ... d} 
as n — > 00 



o-k,i(n) 
(logn)cr fc ; 



1. 



Therefore for every 6 £ IR^, by Lindeberg Feller Central Limit Theorem in one dimension, 



3=1 



, H log n) 



Therefore by Cramer- Wold device, it follows that as n — > 00 



N(0, 1) as n ->■ 00. 



Hence, as n -> 00 



^JijX,- - ^logn 

i=i d_, 

\/logn 

Z n - log n <i 



JV d (0,27). 



\/logn 



iV d (0, 17) . 



This completes the proof. 



□ 
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4.2 Proofs for Random Configuration 



In this subsection we will present the proof of Theorem 2.4 To do so, we present a lemma which 



we will need in the proof of Theorem 2.4 
Lemma 4.1. Let S be as in Theorem 



3.2, then for every A G [— 6, 5] d 



M r 



(4.23) 



as n — > oo . 



Proof. Without loss of generality, we assume that the process starts with a single ball of color 
indexed by 0. From equation (3.20) we get 

E Ml(X) 



Replacing A by A r . 



A 



yTogn 



E 



M n (A r , 



n n (2e(A)) n TO (2e(A)) A e 2 (A) n fc _x (e(2A)) 
■ n 2 (e(A)) + n 2 (e(A)) ^ fc U k (2e(A)) " 

, we obtain 

fl n (2e (A n )) + n n (2e(A n )) yv e 2 (A n ) n fc _x (e (2A n )) 



n 2 (e(A n )) n 2 ( e (A n )) 



k=l 



k 



n fc (2e(A n )) 



(4.24) 



Since the convergence in formula (3.15) is uniform on compact sets of [0,oo), we observe that for 
\£[-5,6} d 



n ra (2e(A ra )) = £2J2) = 1 
tZZo n 2 (e(A n )) r(3) 2' 



lim 



We observe that lim r , 



su Pn>i su Pxe[-6,S]' 



-E 



i— >oo 6 (Ar 

M„(A) 



1 and lim n _ 



n n (2e(A n )) e 2 (A n ) n fc _ 1 (e(2A n )) _ j 1 n fc _ x (l) 



00 n2( e (A„)) fc n fe (2e(A n )) 2fc n*(2) 

< 00, by dominated convergence theorem, we get 



. Since 



lim 



n„(2e(A n )) ^e 2 (A n )n fc _ 1 (e(2A n )) 1 



n^oo n 2 (e(A n )) 



E 

k=l 



k 



1 



n fe (2e(A n )) 2^(fc + 2)(fc + l) 2' 



Therefore, from (4.24) we obtain 



E 



Hence, it follows that 



M 2 n (A, 



M n (A r 



1 as n — >■ oo. 



1 as n — > oo. 



□ 



Proof of Theorem 2.4 Without loss of generality, we may assume that the urn process starts with 
a single ball of color indexed by 0. Let A n be the random probability measure on IR d corresponding 
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to the random probability vector ^-^U n . For A 6 l 6 * the corresponding random moment generating 
function is given by 



4t e e<A " >c/ « 

n + 1 ^-^ 



1 



n + 1 



U n x (A) 



1 



n+1 



M n (A) n n (e(A)) 



The random moment generating function corresponding to the scaled and centered random measure 
A£ s is 



1 



n + 1 



A 



/log 



n 



1 



n+1 



-<A,Mv / log">_/y 



A 



\Aog 



n 



ylog n 



To show (2.11) it is enough to show that for every subsequence {n^}^!, there exists a further 



subsequence {n^. }^2 =1 such that as j — > oo 



-(A^^/logn^.) 



-M 



s/logn kj 



n n e 



e 2 for all 



A G [— <5, almost surely 



(4.25) 



where 5 is as in Lemma 



4.1 



using (3.17) as n — > oo we obtain, 



0' 



From Theorem 2. i we know that Zn j£^ A N d (0,I d ). Therefore 



<A,-^> 

g V log n ' 



1 



n + 1 V V V log n 



A 



e a 



Using Theorem 6.1 it is enough to show (4.25) only for A G Q d fl [— 5, S] d which is equivalent to 



proving that for every A G Q n [—5, 5] as j — )■ oo 



A 



From Lemma 



4.1 



\/lognfc~ y 
we know that for all A G [— 6, 5] d 



1 almost surely. 



M r 



n 



1 as n — > oo. 



Therefore using the standard diagonalization argument we can say that given a subsequence {nk}k>i 
there exists a further subsequence {ni e .} c ^ =1 such that for every A G Q d Pi [—5, 5] d 



M 



Kji]- 

X 



■Ilk, 



/log n kj 



1 almost surely. 



This completes the proof. 



□ 



Remark 7. It is worth noting that the proofs of Theorems 2.1 and 2.4 go through if we assume U$ 
to be non random probability vector such that there exists r > such that for all A G {A : || A|| < r}, 



Yjvei d e<iX ' v ^Uo,v < oo and lim^oo Yj V &L d e^ 15 ^ U 0}V exists finitely. 
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4.3 Proofs of the Local Limit Type Results 

In this section, we present the proofs for the local limit type results for Z n . As before, we present 
the proof for urn with colors indexed by Z first and then proceed towards the proofs for d > 2. 



4.3.1 Proof for the Local Limit Theorems for d=l 



Proof of Theorem 2.5. Without loss of generality we may assume \i = and a = 1. We further 
assume that the process begins with a single ball of color indexed by 0. From Theorem 3.1 we 



know that Z n = X}2=i IjXj- Xj is a lattice random variable, therefore IjXj is also so. Furthermore 
E B, therefore IjXj and Xj have the same lattice structure. Therefore Z n is a lattice random 
variable with lattice Cn ■ Applying Fourrier inversion formula, for all x G Cn we obtain 



Z,, 



h 



TT^log n 
h 



-itx 



ijj n {t) dt 



where tp n (t) = E 
inversion formula, for all x € 



it £S 

g V log H 



ylogn / 27r^/log n J gySn 

Without loss of generality, we may assume h = 1. Also by Fourrier 



[x 



1 

2^ 



e -itx 



'e 2 dt. 



Given e > 0, there exists ./V large enough such that for all n > N 

n. ■ ' 



\Aog nP I =■ :r 

Vlogn 



4>{x) 



< 



-7r Vlogn 

7r Vlog n 



t Vlogn 

Given M > 0, we can write for all n large enough 



e 2 



7r Vlogn 



— 7rVlog n 



ip n (t) - e 2 



dt < 



M 



M 



ip n (t) - e 2 



dt + 



dt + 2 



dt + e. 



7r Vlog n 



M 



-TV Vlog n,7r Vlog n] c 



dt 



df 



/■7T Vlogn _ t 2 

+2 / e^r dt. 

Jm 



(4.26) 



Given e > we choose an M > such that 



e 2 dt < e. 



Therefore, 



-M,M] C 



vrVlogn t 2 

e~^2 dt < 

M 



e 2 dt < e. 



(4.27) 



-M,M] C 
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2.1 



that as n — > oo, 



N(0, 1). Hence for all t E K, ^„(t) — ► e : 



We know from Theorem 
Therefore, for the chosen M > by bounded convergence theorem we get as n — > oo 



M 



i/>n(t) ~ e 2 



dt — > 0. 



Let 



I(n) 



7r-\/log n 



dt. 



We will show that as n — > oo, I{n) — > 0. Since Z n = Y^Jj=i IjXj, therefore 



■[^l-n^-jTT+jTi) 



n+ 1 



n n (e (it)) 



where e (it) = E [e*' Xl ] . Therefore, 

^n(t) = E 
Applying a change of variables 

/(n) = ylog 



g \/log Ti 



1 



rt + 1 
w, we obtain 



n n (e(it/V / log 



n 



'M/Vlogn. 

Now there exists 5 > such that for all t E (0, 5) 

|e(it)| < 1 



lp n [w\J\ogn 



dw. 



Therefore using the inequality 1 — x < e x , we obtain 1 — 4^- + < e j +1 4 . Hence, 
t E (0, 5) 

n 

_*£ V 

1 4 ^ J + 1 

'n n (e(it))| <e 



(4.28) 

(4.29) 
for all 



n + 1 



(4.30) 



We observe from (4.28) that we can write 

r-5 



I(n) = 
Let us write 



n 



M/^/\ogn 



ip n (wy/log nj dw + A/logn / ip n (^w^/logn 



dw. 



h{n) = yiog 



n 



A//Vlog n 



ip n (wy / logn 



dw 
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and 



h{n) = \/logn J ip n (wy/logn 



dw. 



From (4.30) we have Ii(n) — > 0asn-> oo. 

As is in the support of Xj, therefore IjXj and Xj will have the same lattices. Therefore for all 
t G [5, 2tt), \e (it)\ < 1 and the characteristic function being continuous in t, there exists < ?? < 1 
such that \e (it)\ < rj for all t G [5, it]. Therefore 

\e(it)\ 



1 



+ 



3 + 1 j + 1 



< 1 



1 



+ 



V 



3 + 1 3+1 



< e J+ 1 . 



It follows that 



1 — 7] 



— 1 — |TI„ (e (zi))| < e ^i J + 1 < Cse-^-") 1 ^™ 
n + 1 

where C2 is some positive constant. So as n — > 00 

/ 2 (n) < Cse-^-^ 108 ™ (vr - 5) — > 0. 

So combining the facts that I\{n) — > 0, l2(n) — > as n — > 00 and from (4.26) and (4.27), the 
proof is complete. □ 



Proof of Theorem 2.6. Without loss of generality we may assume that \i = 0, a = 1 and the process 



begins with a single ball of color indexed by 0. The proof is similar to the proof of Theorem 2.5 



and therefore we omit certain details. Since the span of IjXj is h, for all x G Cn we obtain by 
Fourrier inversion formula 



h 

2Ttyf\ogn 



-itx 



7r^/log n 
h 



ip n (t) dt 



where ijj n (t) = E 
inversion formula, for all x G 



it ,7 

g ylogn 



\/Iogn 

Without loss of generality, we may assume h = 1. Also by Fourrier 



The bounds for 



yTognP 



for that of ^(n) where 



/log n 



1 



: e 2 dt. 



are similar to that in the proof of Theorem 



2.5 



except 



I 2 {n) = yjlogn j tp n ^w^/^og/nJ 



dw 



and 5 is chosen as in (4.29). We have to show 

hin) — > as n — > 00. 



The span of X\ being h, for all t G 



6, 



2n 



\e (it)\ < 1. Since h < 2 and the characteristic function 

is continuous in t, there exists < rj < 1 such that |e (it)\ < r/ for all t G [5, n] C (5, 3sJ . Therefore 
-^(n) — 7- as n — )• 00 using the similar bounds as in the proof of Theorem 2.5 □ 
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Proof of Theorem 2.1 . In this case, \i = and a = 1. Without loss of generality, we may assume 
that the process begins with a single ball of color indexed by 0. In this case, the span of IjXj is 1 and 
P {IjXj G Z) = 1. Therefore by the Fourrier inversion formula, for all x G = {x: x = yj=^^} 
we obtain 



1 



•nVlog n 



e- itx i> n (t)dt 



where ip n (i) = E 



it ,f" 



v^bgn y 2vr ^log n J^^] 

Furthermore, by Fourrier inversion formula, for all x G 



1 

2vr 



_— itx 



e 2 di. 



Like in the case of T 
2.51 The bounds for 



ncorcm 



2.6 the proof of this theorem is also very similar to that of Theo rem 



are similar to that in the proof of Theorem 



except for that of hin) where 

I 2 (n) = yjlogn / ip n (w^log nj 



2.5 



dw 



and 5 is chosen as in (4.29). To show that l2{n) — > as n — > oo, we observe that 



E [e itZn ] 



n/ 1 cost\ 



n + 1 



n n (cos t) 



since E [e**^ 1 ] = cost. Therefore, 



n+1 



n n (cos . 



We note that cosw is decreasing in [S , 7rl and for all w G [f ,7rJ , —1 < cosw < 0. Therefore, there 
exists 77 > 5 such that for all 10 G [7T — 77, vr) we have —1 < cos(7r — 77) < and 



tp n (w ^log n) 



< 



1 



n + 1 

COs(-7T — 77) 



II n (C0S(7T - 77)) 



Since —1 < cos(-7r — 77) < 0, so for j > 1, ( H j ' j < 1. Therefore, 

II„ (cos(-7r — 77)) < 1. 

Let us write 



(4.31) 



h(n) = Ji(n) + J a (n) 



where 



Ji(n) = \Aoi 



n 



7T— ?y 



V>n («;\/ lo g n 



dw 



(4.32) 
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and 



J 2 (n) = 



n 



Tv—rj 



V> n (w^/logn 



dw. 



It is easy to see from (4.31) that 



•n , 

Jlip) < -y/log n — > as n — > oo. 

n + 1 

For all t G [5, ir — rf\ , < |cost| < 1, so there exists < a < 1 such that < |cosi| < a for all 
t £ [S, 7r — rj] . Recall that 



il) n {w\/i 



\ tt 1 cost/A 



Using the inequality 1 — x < e x , it follows that for all t £ [5, ir — rj\ 



1 Icostl 
1 + J !■ < 1 

i + i j + i " 



1 Q 

+ < e 3+ 1 



i + 1 j + 1 



and hence 



1 — a 

' n n (cost) I < e i =1 ^ + 1 < Ce-M log " 



n + 1 



where C is some positive constant. Therefore from (4.32) we obtain as n — > oo 



Jl(n) < Ce- (1 - Q)logn (tt - r? - <5) y^logn — »• 0. 



□ 



4.3.2 Proofs for the Local Limit Type Results for d > 2 



Proof of Theorem \2.8\ . Without loss of generality we may assume that \i = and £ = 1^ and 

d 



the process begins with a single ball of color indexed by 0. From Theorem 



3.1 



we obtain Z n — 

X^fc=i IjXj. Xj being a lattice random variable, IjXj is also so. Furthermore, £ B, therefore Xj 

and IjXj are supported on the same lattice. Therefore, Z n has lattice Cn ■ For A C R d and x G R, 
we define xA = {xy: y G yl}. By Fourrier inversion formula (21.28 on page 230 of [3]), we get for 



Z n 

V^og 



J? 



(27T VI 



=— . / Vn(t)e-^^ dt 
ogn) a J 



where tp n {t) = IE e ' viogn' ; / = | det (£)| and J 7 * is the fundamental domain for Xi as defined in 
equation(21.22) on page 229 of [3j- Also by Fourrier inversion formula 

1 



4>d(x) 



(2ir) c 



e - i{t ' x) e- 2 dt. 
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Given e > 0, there exists N > such that n > N large enough, 



1 



; n 



x - (j) d (x) 



< 



< 



(27T) 



(v/lognj 7 *) 



(2vr) £ 



dt 



(27T) 



\\t\r , 

e 2 dt 



dt + e. 



Given any compact set A C M. d for all n large enough 



4>n(t) - e" 



dt < 



(VlognJ 7 *) 



By Theorem 



2.1 



V> n (t) - e 2 



we know (hat. — ► ^d(0,ld) as n — > 00. Therefore, for any compact set 



dt + 



dt+ / e 2-dt. 



A C M d by bounded convergence theorem, 



dt — > as n — > 00. 



Choose A such that 



e 2 dt < e. 



Let us write 



J(n) 



dt. 



For the above choice of A, we will show that 

I(n) — > as n — > 00. 

Since Z n = Y^j=i IjXj, we have 



E 



17(1- — + ^ 

11 V .7 + 1 .7 + 1 



1 



n + 1 



where e (it) = E [e^*-* 1 )] . So, 



g x y log ?i ' 



n n (e (it)) 



1 ^ / / 1 
Tl n e I it 



n + 1 V \\/iog 



; n 



(4.33) 
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Applying a change of variables t = ^j^ rl w to (4.33), we obtain 



J(n) = (yJ\ogn) d j ip n (V lo S raoj du>. 

x V log Tl 

We can choose a S > such that for all w G 5(0, 5) \ {0} there exists b > such that 

, / M ^ll^ll 2 

Therefore, using the inequality 1 — x < e~ x 



\ip n (y/\og nw)\ 



1 



n + 1 

n+l , 
3=1 V 



n n (e(H)l 
i 

+ 



e(iw 



j + 1 J + 1 



™ 7 II II 2 

x - 6 ||w|| z 
~~7+l 2 n W ||3 



for some positive constant Cj. From (4.34) we can write 



where 



J(n)=/i(n)+J 2 (rt) 
Jl(n) = {y/\ogn) d j \ip n ^\ognu?j\dw 



and 



I 2 (n) = (y / \^i) 



F*\B(Q,8) 



\i/j n (y/\og nw)\dw. 



Since (4.36) holds, given e > 0, we have for all n large enough 
h{n) < (7loi^) d 



C ie - b — losn dw < e. 



B(0,S)\- 



log n 



(4.34) 



(4.35) 



(4.36) 



(4.37) 



Since £ B, the lattices for Xj and IjXj are same. Therefore, for all w 6 J r *\S(0, 5) we get |e(uu)| < 
1, so there exists an < rj < 1, such that |e(iiy)| < r?. Therefore, using the inequality 1 — x < e~ x , 
we obtain 

IV^A/logWOI < e" E ^ < C^-Mlogn (4 _ 38) 

for some positive constant Therefore, using equation (21.25) on page 230 of [3] we obtain 

h{n) < C' 2 {^/^i) d e-^- r ^ n -^Oasn^oo 
where C 2 is an appropriate positive constant. □ 
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Proof of the Theorem 2.9. It is easy to note that S n is the simple symmetric random walk on Z rf , 



H = and U = d" 1 ^. We further assume, without loss of generality that the process starts with a 
single ball of color indexed by 0. 

For notional simplicity we write a proof for d = 2, the general case can be written similarly. 

Now when d = 2, for each j E N, IjXj is a lattice random vector with the minimal lattice Z 2 . 
It is easy to note that 27rZ x 27rZ is the set of all periods for IjXj and its fundamental domain is 
given by (— 7r,7r) 2 . To prove (2.14), it is equivalent to proving 



sup 



(logn) ' 



ylogn 



as n — > oo, 



where 4> 2 ^i h (x) = \e xx 

covariance matrix and ^£-n^ = {a?: £ = ;^=^Z 2 }. By Fourrier inversion formula (21.28 

1 /.(2) 



is the bivariate normal density with mean vector and variance- 
i A 2 ) 



on page 230 of 0), we get for x E —^J~-n 



A/Iogn 



x 



(2-7r) 2 logn 



Mt)e~ l{t ' x) dt 



( — \/TognTT , y/lognir ) * 



Also by Fourrier inversion formula 



Let us write H n = (— y/\og nir, \^log nii) . Given e > 0, there exists N > such that n > N large 
enough, 



logn] 



^2 il 2 ( 3; ) 



< 



< 



(2vr) 5 



(2^ 



V'n(t) - e" 



^„(i) - e" 



dt + 



e 4 dt 



dt + e. 



Given any compact set ici 2 for all n large enough we have 



ipn(t) ~ e~ 



dt < 



ipn{t) - e" 



dt + 



H n \A 



dt 



e 4 dt. 



By Theorem 



2.1 



we know that Jx^^ ~^ ^2(0, 2 1 l2) as n — > oo. Therefore, for any compact set 



A C M 2 by bounded convergence theorem, 



dt — > as n — > oo. 
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Choose A such that 



dt < e. 



Let us write 



J(n) 



J \Mt) 



dt. 



H n \A 



For the above choice of A, we will show that 

I(n) — > as n 



oo. 



Applying a change of variables t 



\/log n 



to, we obtain 



/(n) 



logra y V'n (V^g"^ 



dw. 



(-7r,7r) a \^=A 

V log n 



We can write 



where 



I{n) = h(n) + I 2 (n) 
h(n) = \agn y 



log nw | dw 



and 



I 2 (n) = logn 



\tp n (y/\og nw)\dw. 



(-tt,tt) 2 \B(0,S) 



where S is as in (4.35). Using arguments similar to (4.37), we can show that I\(n) — > as n — > oo. 
Therefore it is enough to show that l2(n) — > as n — > oo. To do so, we first observe that for 
t = (tiffa) E M. 2 the characteristic function for X\ is given by e (it) = \ (costi +cost2)- So if 
t £ [—it, it] 2 be such that |e(it)| = 1, then t = (ir, n), (— n, it), (it, — n), (— ir, — n). The function 
cost is continuous and decreasing as a function of t for t £ [| , 7rl. Choose rj > S such that for 
t e Ai = (-7T, 7r) 2 n B c (0, (5) n D c , we have \e (it)\ < 1, where D = [7r — 77, 7r) 2 U [-• 7r - 77, -it) x 
[7T — 77, ir) U [— 7t — 77, — vr) 2 U ["7T — 77, 7t) x [— 7T — 77, — 7t). Let us write 



h(n) = J 1 (n) + J 2 (n) 



where 



J\(n) = logn / \ip n ^y/log nu^J \dw 
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and 



It is easy to note that 



\dw. 



J 2 (n) = logn j \ip n (ylog nu?j\ 
Jl(n) < logn / \ip n (^^/log nw^j \ dw 



where A\ denotes the closure of A±. For w G A± there exists some < a < 1 such that \e (it)\ < a. 
Therefore using bounds similar to that in (4.38) we can show that 



We observe that 



Ji(n) — > as n — > oo. 



J 2 (n) < 4 logn / \tf) n ( yiog 

J\n-r],n] 2 V 



nw I \dw. 



Hence, it is enough to show that logn ^-p \ip n (\/log nw)\dw — > as n — > oo. For w G 



[7T — rj, tt] we have < | ( 1 + 



e(iw) 



< 1 + 



cos(-7r— 77) 
] 



\lpn(w)\ 



n + 



i=i 



eiiw 



J 



< 1. Therefore 
1 



< 



n + 1 



So, 



logn 



J[-K-r,,TT} 2 V 



lognw \dw < logn — > as n — > oo. 

n + 1 



□ 



5 Urn on General Graphs on M. d 

We can further generalize the urn models to a large variety of graphs with vertex set a countable sub- 
set of M. d and an appropriate edge set. Let {Xj}j>i be a sequence of random d-dimensional i.i.d. vec- 
tors with non empty support set B cM. d . We assume the cardinality of B to be finite. Consider V := 
|X)i=l n ^ )i '■ n i' n 2 5 . . . , «fc G N, 6i, 62, . . . , bk G -B j C ]R d and E 1 := {{u, u}:t),MeB and t> — u G -£>}. 
Let G = (V, -E) be the graph with vertex set V C M. d and edge set E. Let the law of X\ be given 
by 

P (X 1 = w) = p(w) for all w £ B. 

where < p(w) < 1 for all w G B and J2 w eB p( w ) = 1- Define the random walk = Xlfc=i^fc- 
In this section, we consider urn model with replacement matrix given by the stochastic matrix 
associated with the bounded increment random walk S n on G. Let the urn evolve according to the 
random walk S n with the replacement matrix R given by 

, ,. . . - u), if v — u G B 
R(u,v) = {^ x ' (5.39) 

otherwise 
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for all u,v G V. 

The urn models as denned in the Subsection |l.l| with vertex set Z d and edge set being the 
nearest neighbor links are special cases of urns on general graphs. 

5.1 Main Results for General Graphs 

Throughout this and the remaining subsections V, (Xi) i:>1 and B will remain as defined in Section 

For X x = [X { l\xf\...,x[ d) ), let M = (m[x[%M[x[ 2 >], . . . ,E[x{ d } ]) and E = [^] dxd 

where aij = EpTj ]. We assume S to be positive definite and as earlier let S = U 1 / 2 !] 1 / 2 . Let 
S n = ]Cj=i Xj- Let U n denote the configuration of the urn at time n and the process begin with 
Uq = (Uo !V ) v( - v such that U~o >v = except for finitely many v. 

Theorem 5.1. Let the urn model be associated with the random walk {S n } n>0 . Let A n be the 
probability measure corresponding to the probability vector ^j-j- (E[U njV ]) v£V . For all A G B 
define = A n (-y/log nAS~ 1 / 2 + /i log n) . Then, as n — > oo 

-rCS W -c 

A n — 

where for $ d (A) = je~^ dt for A G B (R d ) . 



Remark 8. Theorem 5.1 states that if Z n be the color of the randomly selected ball in the (n + 
l) th draw, that is Z n is a random (i-dimensional vector corresponding to the probability vector 
^ (E[U niV ]) veV , then 

Z n -fAogn E)8LSn ^ (5 . 40) 

ylogn 

For oj G f2, let A n (ui) G .Mi be the random probability measure corresponding to the random 
probability vector ^"ff where .Mi is the space of probability measures on M d , d> 1 endowed with 
the topology of weak convergence. 

Theorem 5.2. For cu G Q, let A$f (w) (A) = A n (w) (ydog nA£~ 1 / 2 + ^logre). Then, as oo, 

A™^$ d onMi, (5.41) 
where <& d (A) = jj=^ Je' 1 ^ dt for A G R d . 



Remark 9. From Theorem 5.2 we can conclude that given any subsequence {n^'kLi there exists a 
further subsequence {nk j }'jL 1 such that as j — > oo 



A^ k — > $rf almost surely for all oj. 



Let the support set for the i.i.d. sequence of increment vectors {X{}i>i be 

B = {(l,0),(-l,0), W ,-w,a; 2 ,-^ 2 }, 
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Figure 1: Triangular Lattice 



where oj, oj 2 are the complex cube roots of unity and the law be given by P (X\ = v) = g for every 
v E B. Let G = (V, E) be the corresponding graph. It is called the triangular lattice in M 2 . Let 
S n = Yjj=i IjXj be the random walk on the triangular lattice G. The urn with colors indexed by 
the vertices of the triangular lattice and replacement matrix given by the stochastic matrix of the 
increment vectors Xi is an example of urn on general graphs. 

Corollary 5.3. Let the colors of the balls in the urn be indexed by the vertex set of the triangular 
lattice on M. 2 and the urn model be associated with the random walk {S n } n>0 on triangular lattice. 
Let the process begin with a single ball of color indexed by 0, then as n — > oo 



v/Iog 



n 



N 2 



0,^ 



(5.42) 



5.2 Proofs 



The proofs of Theorems 5.1 and|5.2|are exactly similar to that of Theorems 2.1 and 2.4 and hence 



omitted. However, we present the proof of Corollary |5.3| 

Proof of Corollary \5.3[ In this case B = {(1,0), (— 1,0), cj, —oj,oj 2 , -co 2 } where u and oj 2 are the 

complex cube roots of unity. For a complex number z, Re(z) and Im(z) will denote respectively 

the real and imaginary parts of z. 

Since 1 + u + to 2 = 0, therefore it is immediate that fi = 0. Also we know that oj = 

21 



+ i 



73 



Observe that E 



X 



(i) 



fore E 



X 



(i) 



1 + 2 (Re oj) 



{Im(oj)) 2 + (lm{oj 2 ))- 



\. Furthermore E 



1 + (Re oj) 2 + (Re oj 2 ) 2 ^j and Re oj = Re oj 2 , there- 

. Similarly, since Im(oj) = —Im(oj 2 ), E (X 2 ) 2 = 
-§Jm (1 + oj + oj 2 ) =0. □ 



X?X? 



6 Technical Results 



In this section we present the following technical result which we have used in the proof of Theorem 
12^1 
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Theorem 6.1. Let p, n be a sequence of probability measures on (M. d , /3(R d )) , d > 1 and let m n {-) 

|| ^ || 2 

6e £/ie corresponding moment generating functions. For some 5 > if m n (\) — > e 2 as n — > 00 
/or every A € [—5, o~] d n Q d then as n — > 00 

> 

w/iere $ d (A) = Je - ^ dt /or A G B (R d ) . 

Proof. For notational simplicity we present the proof when d = 1 . The proof when d > 2 is similar 
with appropriate modifications. From Theorem 22.2 of [1J, we know that a distribution is uniquely 
determined by its moment generating function in a neighborhood of 0. Therefore it is enough to 
prove that sequence of probability measures ji n is tight. Choose a 6' G Q such that < <5' < 5. To 
prove tightness, we observe that for a > 

An [(-a, a) c ] < e~ 5 ' a {m n {-5') + m n {5')) . 

Since m n (5') — > m{5') and m n (— 5') — > m(-d') as n — > 00, we can say that 

sup fi n [(—a, a) c ] — > as a — > 00. 

n>l 

Therefore, for every subsequence {rik}k>i there exists a further subsequence {ra^ jj^i and a proba- 

bility measure fi such that fi nk . — )• /i as n — )• 00. We already know that m nfc (A) — > e^~ as j — > 00 
for every A G [— <5, 5] n Q. Since the moment generating function is continuous as a function of its 

argument, therefore the moment generating function for fi is e^ . Therefore this completes the 
proof. □ 
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